Abstract. In this paper, we study monotonicity of eigenvalues of Laplaciantype operator −∆ + cR, where c is a constant, along the Ricci-Bourguignon flow. For c = 0, We derive monotonicity of the lowest eigenvalue of Laplaciantype operator −∆ + cR which generalizes some results of Cao [5] . For c = 0, We derive monotonicity of the first eigenvalue of Laplacian which generalizes some results of Ma [18] . Moreover, we prove that when (M 3 , g 0 ) is a closed three manifold with positive Ricci curvature, the eigenvalue of the Laplacian diverges as t → T on a limited maximal time in terval [0, T ), which generalizes some results of Cerbo and Fabrizio [4] .
Introduction
Given an n-dimensional closed Riemannian manifold (M, g), the metric g = g(t) is evolving according to the flow equation ∂ ∂t g = −2Ric + 2ρRg = −2(Ric − ρRg), (1.1) with the initial condition
where Ric is the Ricci tensor of the manifold, R is scalar curvature and ρ is a real constant. When ρ = 1 2 , ρ = 1 n , ρ = 1 2(n−1) and ρ = 0, the tensor Ric−ρRg corresponds to the Einstein tensor, the traceless Ricci tensor, the Schouten tensor and the Ricci tensor respectively. Apart these special values of ρ, for which we will call the associated flows as the name of the corresponding tensor, in general we will refer to the evolution equation defined by the PDE system (1.1) as the Ricci-Bourguignon flow. Moreover, by a suitable rescaling in time, when ρ is nonpositive, they can be seen as an interpolation between the Ricci flow and the Yamabe flow (see [3] , [22] , for instance), obtained as a limit when ρ → −∞.
The study of these flows was proposed by Jean-Pierre Bourguignon ( see Question 3.24 in [2] ), building on some unpublished work of Lichnerowicz in the sixties and a paper of Aubin [1] . In 2003, Fischer [9] studied a conformal version of this problem where the scalar curvature is constrained along the flow. In 2011, Lu, Qing and Zheng [16] also proved some results on the conformal Ricci-Bourguignon flow. Recently, for suitable values of the scalar parameter involved in these flows, Catino et al. [7] proved short time existence and provided curvature estimates and stated some results on the associated solitons. Precisely, we give some useful conclusions about the Ricci-Bourguignon flow which will be used later. Proposition 1.1. ( [7] ) Under the Ricci-Bourguignon flow equation (1.1), we have
. Then, the evolution equation (1.1) has a unique solution for a positive time interval on any smooth, n-dimensional, compact Riemannian manifold M (without boundary) with any initial metric g 0 . Proposition 1.3. ( [7] ) ( preserved curvature conditions) Let (M, g t ) t∈[0,T ) be a compact maximal solution of the Ricci-Bourguignon flow (1.1). If ρ ≤ 1 2(n−1) , the minimum of the scalar curvature is nondecreasing along the flow. In particular, if R(g 0 ) ≥ α, for some α ∈ R, then R(g t ) ≥ α for every t ∈ [0, T ). Morever, if α > 0 then T ≤ n 2(1−nρ)α . Proposition 1.4. ( [7] ) ( conditions preserved in 3-dimensional.) Let (M, g t ) t∈[0,T ) be a compact, 3-dimensional, solution of the Ricci-Bourguignon flow (1.1). If ρ < 1/4, then (1)nonnegative Ricci curvature is preserved along the flow; (2)the pinching inequality Ric ≥ εRg is preserved along the flow for any ε ≤ , and such that the initial data g 0 has nonnegative curvature operator. Then R g(t) ≥ 0 for every t ∈ [0, T ), where R ∈ End( 2 M ) be the Riemann curvature operator.
is a compact solution of the Ricci-Bourguignon flow on a maximal time interval [0, T ), T < +∞, then
where Riem(·, t) is Riemann tensor.
At present, the eigenvalues of geometric operators have become a powerful tool in the study of geometry and topology of manifolds. Recently, there has been a lot of work on the eigenvalue problems under the Ricci flow. On one hand, in [19] , Perelman introduced the so-called F -entropy functional and proved that it is nondecreasing along the Ricci flow coupled to a backward heat-type equation. The nondecreasing of the functional F implies the monotonicity of the first eigenvalue of −4∆ + R along the Ricci flow.
Cao [5] extended the operator −4∆ + R, to the following new operator −∆ + R 2 on closed Riemannian manifolds, and showed that the eigenvalues of this new operator are nondecreasing along the Ricci flow with nonnegative curvature operator. Later Li [13] and Cao [6] considered a general operator −∆ + cR, where c ≥ 1 4 , and both proved that the first eigenvalue of this operator is nondecreasing along the Ricci flow without any curvature assumption. For the recent research in this direction, see [10, 14, 15, 23, 24] and the references therein.
On the other hand, Ma [18] obtained the monotonicity of the first eigenvalue of the Laplacian operator on a domain with Dirichlet boundary condition along the Ricci flow. Using the differentiability of the eigenvalues and the corresponding eigenfunctions of the Laplace operator under the Ricci flow, he obtained the following result. Motivated by the work of Perelman, Cao and Ma, we shall consider the eigenvalue of −∆ + cR with c a constant. For c = 0, inspired by [5] and [6] , we can derive the following monotonicity of the lowest eigenvalue of −∆ + cR under the Ricci-Bourguignon flow equation (1.1). That is, we obtain the
and λ 0 (t) be the lowest eigenvalue of the operator −∆ + cR corresponding to the normalized eigenfunction f , that is,
4−8ρ(n−1) and the scalar curvature is nonnegative at the initial time, then the lowest eigenvalue of the operator −∆ + cR is is strictly monotone increasing in [0, T ) under the Ricci-Bourguignon flow equation (1.1).
and the curvature operator is nonnegative at the initial time, then the following quantity
is strictly monotone increasing under the Ricci-Bourguignon flow equation
Remark 1.3. It should be pointed out that for ρ = 0 , our (1) generalizes the corresponding results of Cao in [5] .
Remark 1.4. It's obvious that (2) will hold whenever the Ricci curvature is nonnegative, but in general, the nonnegativity of the Ricci curvature is not preserved. Nevertheless, the nonnegativity of the Ricci curvature is preserved in dimension three. and c ≥ 1−ρ 2(1−4ρ) , then the following quantity
For c = 0, we derive the following monotonicity of eigenvalues on Laplacian under the Ricci-Bourguignon flow equation (1.1). That is, we obtain the Theorem 1.3. Let (M, g(t)) t∈[0,T ) be a compact maximal solution of the Ricci-Bourguignon flow (1.1), g(t) ≡ g(0) and ρ ≤ 1 2(n−1) . Let λ 1 (t) be the first eigenvalue of the Laplace operator of the metric g(t). If there is a non-negative constant a such that
then λ 1 (t) is strictly monotone increasing and differentiable almost everywhere along the Ricci-Bourguignon flow in [0, T ). (2) It should be pointed out that for ρ = 0 , the above theorem is similar to Ma's main result for the first eigenvalue of the Laplace operator in [18] . Moreover, our assumptions are weaker than Ma's.
(3) If a < 0, there doesn't exist any scalar curvature which satisfies (1.8) and (1.9).
Cerbo and Fabrizio in [4] proved that when (M 3 , g 0 ) is a closed manifold with positive Ricci curvature, the eigenvalues of the Laplacian along the Ricci flow diverges as t → T . Motivated by the work of Cerbo and Fabrizio, we can obtain a similar result under the Ricci-Bourguignon flow. That is, we obtain the Theorem 1.4. Let λ be the eigenvalue of the Laplacian along the Ricci-Bourguignon, that is, −∆f = λf . Let (M 3 , g(t)) be a compact maximal solution of the Ricci-Bourguignon flow on a closed 3-manifold with positive Ricci curvature initially and ρ < 
Preliminaries
In this section, we will first give the definition for the first eigenvalue (the lowest eigenvalue) of the Laplace operator (Laplacian-type operator −∆ + cR) under the Ricci-Bourguignon flow on a closed manifold. Then, we will show that the first eigenvalue (the lowest eigenvalue) of the Laplace operator (Laplacian-type operator −∆+cR) is a continuous function along the Ricci-Bourguignon flow. Finally, under the Ricci-Bourguignon flow, we show that if R(g 0 ) ≥ β, for some β ∈ R, and g(t) ≡ g(0), then max R(g t ) > β for every t ∈ [0, T ).
Throughout, M will be taken to be a closed manifold (i.e., compact without boundary). We use moving frames in all calculations and adopt the following index convention:
Now we recall the definition of the first eigenvalue of the Laplace operator on a closed manifold under the Ricci-Bourguignon flow. Let (M n , g(t)) be a solution of the RicciBourguignon flow on the time interval [0, T ). Consider the first nonzero eigenvalue of the Laplace operator at time t, where 0 ≤ t < T ,
where dυ denotes the volume form of the metric g = g(t). Meanwhile the corresponding eigenfunction f satisfies the equation
where ∆ is the Laplace operator with respect to g(t), given by
and g(t) ij = g(t)
−1 ij is the inverse of the matrix g(t) and |g| = det(g ij ). Note that it is not clear whether the first eigenvalue or the corresponding eigenfunction of the Laplace operator is C 1 -differentiable under the Ricci-Bourguignon flow. When ρ = 0, where the Ricci-Bourguignon flow is the Ricci-Hamilton flow, many papers have pointed out that its differentiability under the Ricci-Hamilton flow follows from eigenvalue perturbation theory (e.g., see [11, 12, 20] ). But ρ = 0, as far as we are aware, the differentiability of the first eigenvalue and eigenfuntion of the Laplace operator under the Ricci-Bourguignon flow has not been known until now. So we can not use Ma's trick to derive the monotonicity of the first eigenvalue of the Laplace operator. Although, we do not know the differentiability for λ 1 (t), following the techniques of Wu et al. [21] , we will see that λ 1 (t) in fact is a continuous function along the Ricci-Bourguignon flow on [0, T ).
Lemma 2.1.( [21])
If g 1 and g 2 are two metrics which satisfy
then, we have
In particular, λ 1 ((g(t))) is a continuous function in the t-variable.
Next we recall the definition of the lowest eigenvalue of −∆ + cR. Let λ 0 (t) be the lowest eigenvalue of −∆ + cR. Given a metric g on a closed manifold M n , we define the functional λ 0 by
where
We also do not know the differentiability for λ 0 (t). But, following the techniques of [8] , we will see that λ 0 (t) in fact is a continuous function along the Ricci-Bourguignon flow on [0, T ).
Lemma 2.2. ( [8])
If g 1 and g 2 are two metrics on M which satisfy
where δ → 0 as ε → 0. In particular, λ 0 is a continuous function with respect to the C 2 -topology.
At last, we present the following lemma. Proof. From Proposition 1.3, we know that R(t) ≥ β for every t ∈ [0, T ). If max R(t 0 ) = β for some t 0 ∈ (0, T ), we have R(t 0 ) ≡ β. Since (1.5) and
Obviously, we have R(t 0 ) = 0 and Ric(t 0 ) = 0. Hence, max R(t 0 ) = β = 0. Therefore, if β = 0, we have max R(t) > β for every t ∈ [0, T ).
When β = 0, let I = {t > 0 : max R(t) > 0}. If I = ∅, then we have R(t) ≡ 0 and Ric(t) ≡ 0. Hence, we have g(t) = g(0) which is in contradiction with g(t) ≡ g(0). When I = ∅ and t 1 ∈ I, for any t 0 and 0 < t 0 < t 1 , if max R(t 0 ) = 0, then R(t 0 ) ≡ 0 and Ric(t 0 ) ≡ 0. Hence, in [t 0 , T ), g(t 1 ) = g(t 0 ). So we have Ric(t 1 ) = Ric(t 0 ) = 0 which is in contradiction with max R(t 1 ) > 0. Hence, t 0 ∈ I. Since t 0 ∈ (0, t 1 ) is arbitrary, we have (0, t 1 ] ⊂ I. By the strong maximum principle, we have (0, T ) ⊂ I. Therefore we finish the proof of Lemma 2.3.
Proof of Theorems 1.2
In this section, we will prove Theorem 1.2 in Sect.1. In order to achieve this, we first prove the following two lemmas. Our proof uses some tricks in [5] and [6] .
Let M be an n-dimensional closed Riemannian manifold, and g(t) be a smooth solution of the Ricci-Bourguignon flow on the time interval [0, T ). Let λ 0 (t) be the lowest eigenvalue of the operator −∆ + cR corresponding to the normalized eigenfunction f , that is,
For any t 0 ∈ [0, T ), there existed a smooth function ϕ(t) > 0 satisfying
and ϕ(t 0 ) = f (t 0 ). Let
then µ(t) is a smooth function by definition. And at time t 0 , we conclude that
We first give the following Lemma.
Lemma 3.1. Let g(t), t ∈ [0, T ), be a solution of the Ricci-Bourguignon flow on an ndimensional closed manifold M , and let λ 0 (t) be the lowest eigenvalue of −∆ + cR under the Ricci-Bourguignon flow. Assume that f (t 0 ) is the corresponding eigenfunction of λ 0 (t) at time t 0 ∈ [0, T ). Let µ(t) be a smooth function defined by (3.2). Then we have
3)
Proof. The proof is by straightforward computation. Notice that
Using Proposition 1.1, we have
(3.5)
From R ,i = 2R ij,j and the Stokes formula, we have
and
On the other hand, at time t 0 , ϕ is the eigenfunction of λ 0 (t 0 ), i.e., (−∆ + cR)ϕ = λ 0 ϕ, we have
The last equality holds because of (3.1). Inserting (3.6), (3.7), (3.8) and (3.9) into (3.5), at t = t 0 , yields
(3.10)
Inserting ∆ϕ = cRϕ − λ 0 ϕ into (3.10), at t = t 0 , so that
Therefore we finish the proof of Lemma 3.1.
Then we give the second Lemma.
Lemma 3.2. Let g(t), t ∈ [0, T ), be a solution of the Ricci-Bourguignon flow on an ndimensional closed manifold M , and let λ 0 (t) be the lowest eigenvalue of −∆ + cR under the Ricci-Bourguignon flow. Assume that f (t 0 ) is the corresponding eigenfunction of λ 0 (t) at time t 0 ∈ [0, T ). Let µ(t) be a smooth function defined by (3.2). Then we have
By (3.12), we obtain
Since the eigenfunction of the lowest eigenvalue is not equal to 0 almost everywhere along the Ricci-Bourguignon flow and µ(t) is a smooth function with respect to t-variable, we have d dt µ(t) > 0, (3.20) in (t 0 − δ, t 0 + δ), where δ > 0 is sufficiently small. So we get
for any t 1 ∈ (t 0 − δ, t 0 + δ) and t 1 < t 0 .
Notice that µ(t 0 ) = λ 0 (t 0 ) and
This implies λ 0 (t 0 ) > λ 0 (t 1 ) for any t 0 > t 1 . Since t 0 ∈ [0, T ) is arbitrary, λ 0 (t) is strictly monotone increasing in [0, T ). Therefore we finish the proof of (1).
Next we proof (2) . By Proposition 1.5, we know that the nonnegativity of the curvature operator is preserved by the Ricci-Bourguignon flow. This implies that the Ricci curvature is also nonnegative, and we have |Ric| 2 ≤ R 2 . The evolution equation of scalar curvature satisfies
Let σ(t) be the solution of the following ODE with initial value
By the maximum principle, let ǫ = max x∈M R(0), we can get 
which implies
Using the similar arguments as (1), we know that 
Proof of Theorems 1.3
In this section, we will prove Theorem 1.3 in Sect.1. In order to achieve this, we first prove the following lemma. Our proof involves choosing a proper smooth function, which seems to be a delicate trick.
Let M be an n-dimensional closed Riemannian manifold, and g(t) be a smooth solution of the Ricci-Bourguignon flow on the time interval [0, T ). Let λ 1 (t) be the first eigenvalue of the Laplace operator under the Ricci-Bourguignon flow and f (t 0 ) be the corresponding eigenfunction of λ 1 (t) at time t 0 ∈ [0, T ), i.e., − ∆ g(t 0 ) f (t 0 ) = λ 1 (t 0 )f (t 0 ). , where ψ(t) = f (t 0 ) det(g ij (t 0 )) det(g ij (t)) and ϕ(t 0 ) = f (t 0 ). Now we define a general smooth function as follows:
In general, µ(t) is not equal to λ 1 (t). But at time t 0 , we conclude that µ(t 0 ) = λ 1 (t 0 ).
Lemma 4.1. Let g(t), t ∈ [0, T ), be a solution of the Ricci-Bourguignon flow on an ndimensional closed manifold M , and let λ 1 (t) be the first eigenvalue of the Laplace operator under the Ricci-Bourguignon flow. Assume that f (t 0 ) is the corresponding eigenfunction of λ 1 (t) at time t 0 ∈ [0, T ), i.e., − ∆ g(t 0 ) f (t 0 ) = λ 1 (t 0 )f (t 0 ). 
